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Abstract In quantum information theory, entropic inequalities act as the
necessary and sufficient conditions to noncontextuality. Here, we first experi-
mentally demonstrate the violation of the entropic noncontextual inequality in
a four-level quantum system, by using the five-qubit IBM quantum computer.
The experimental result disproves the existence of a local realist model.
Keywords Entropic Inequality, IBM Quantum Experience, noncontextuality,
Quantum Information Theory
1 Introduction
Entropy plays a key role in quantum information theory. This physical entity
quantifies the amount of uncertainty or randomness in the state of a physical
system. Due to randomness in the outcome, Einstein, Podolsky, and Rosen
[1] arrived at the conclusion that nature can not be described completely
by using ψ function. However, the realist hidden variable models present a
complete interpretation of the state function (ψ) of a system. Hence, each
measured values of any dynamical variable can be predetermined by the cor-
responding hidden variables (λ). It is evident that, imposing constraints on the
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realist models leads to consistency with the experimental results of quantum
mechanics (QM). Some examples of such constraints are the incompatibility
between QM and the local realist models of quantum phenomena [2], and
the inconsistency between QM and the noncontextual realist (NCR) models
(Bell-Kochen-Specker (BKS) theorem [3]).
Let’s consider the following observables Aˆ, Bˆ and Cˆ, where Aˆ commutes
with Bˆ and Cˆ while Bˆ and Cˆ do not commute. The property that the mea-
sured statistics of Aˆ is independent of measurements of Bˆ or Cˆ concludes
noncontextuality at the level of QM statistical results. Generally, NCR models
support the extension of such context-independence, from the level of quan-
tum statistical values to any individual measured value of a dynamical vari-
able (predetermined by λ). In a given NCR model, let v(A), v(B) and v(C)
be the individual measured values of Aˆ, Bˆ and Cˆ respectively, as specified by
a λ. In Refs. [3,4], it is explicated that, NCR models assign invalid values for
greater than two dimensional Hilbert space, even if considering all possible
set of experiments. Thus, contextual hidden variable models are the necessary
ingredients to reproduce the prediction of QM.
A series of experiments based on quantum contextuality have been reported
[5,6,7,8]. An ingenious proof by Klyachko et al. has been provided for a three
level system [9] using only five observables, which later found experimental
verification [10]. This scheme showed contextuality in three dimensions using
the minimum number of observables. Entropic approach for showing the quan-
tum contextuality [11,12] has recently been used for testing local realism [13].
This approach has also been utilized for illustrating the incompatibility [11,
12] between the noncontextual realism and QM for three-level system.
Here, we make use of a five-qubit real quantum computer developed by IBM
(International Business Machines) corporation, using which a flurry of experi-
ments [14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33] have been
realized. We prepare the necessary quantum circuit using the quantum com-
puter to show the violation of entropic noncontextual inequality for a four-level
system consisting of five observables.
The Brief Report is organized as follows. Sec. 2 provides a detailed theory
and brief derivation of the noncontextual inequality. Sec. 3 explicates the nec-
essary quantum circuits using the 5 qubit quantum processor named ibmqx4,
to test the violation of entropic inequality and discusses the results. Follow-
ing which, Sec. 4 concludes the paper by summarizing and providing future
directions of our work.
2 Noncontextual Entropic Inequlity for Four-level System
Suppose, we would like to perform the measurement of the following ob-
servables X1, ...Xi, ...Xn of a given system. Then this model can be con-
sidered to be noncontextual, if there exists a joint probability distribution
p(x1, .xi, .xn|X1, ..., Xi, ...Xn), whose marginals can be expressed as, p(xi|Xi) =∑
i=1,..,i−1,i+1,n p(x1, ..., xi, ..., xn|X1, ..., Xi, ..., Xn). The Shannon entropy for
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the above case can be defined as,
H(X1, ..., Xi, ...Xn) (1)
= −Σx1,...,xi,..xnp(x1, ..., xi, ..xn) log2p(x1, ..., xi, ..., xn)
The two properties of Shannon entropy are given by (2) and (3).
H(Xi, Xj) = H(Xi|Xj) +H(Xj) = H(Xj |Xi) +H(Xi)
(2)
H(Xi, Xj) ≤ H(Xi) +H(Xj) (3)
From (2) and (3), we have
H(Xi|Xj) ≤ H(Xi) (4)
As H(Xj|Xi) ≥ 0 always holds, from (2) and (4), we obtain
H(Xi) ≤ H(Xi, Xj) (5)
For our experimental purpose, we have chosen a five observable system to real-
ize in a five qubit quantum processor. Let’s consider the following observables
X1, X2, X3, X4, X5, which are cyclically commuting. By using (2), the joint
Shannon entropy for this system can be written as,
H(X1, X2, X3, X4, X5)
= H(X1|X2, X3, X4, X5) +H(X2|X3, X4, X5)
+H(X3|X4, X5) +H(X4|X5) +H(X5) (6)
Hence, by using Eqs. (2), (4), (5) and (6), the noncontextual entropic in-
equality is found to be [34]
M = H(X5X1)−H(X1X2)−H(X2X3)−H(X3X4)
−H(X4X5) +H(X2) +H(X3) +H(X4) ≤ 0
(7)
3 Violation of Entropic noncontextual inequality at IBM QE for
four level system
We have taken two sets of the cyclically commuting observablesX1, X2, X3, X4, X5
as per the Table 1 and 2 respectively.
Table 1 The table illustrates one set of the chosen cyclically commutating observables.
Observables Form
X1 σZ ⊗ σZ
X2 σX ⊗ σX
X3 σX ⊗ I
X4 σX ⊗ σZ
X5 I ⊗ σZ
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Fig. 1 IBM quantum circuits used to measure Entropic noncontextual inequality by mea-
suring seperately H(X2), H(X3), H(X4), H(X1X2), H(X2X3), H(X3X4), H(X4X5) and
H(X5X1)for second set of observables as per the Table 1
Table 2 The table illustrates the other set of the chosen cyclically commutating observables.
Observables Form
X1 σZ ⊗ σZ
X2 σY ⊗ σX
X3 σX ⊗ σZ
X4 σZ ⊗ σX
X5 σX ⊗ σY
We have found the states |ψs〉= C1(cosα, cosα, sinβ, sinβ)
T and |ψs〉=C2(sinα, sinα, cosβ, cosβ)
T by
using U3 gates with specified values of λ, φ and θ and C1, C2 as normalization
constants.
The IBM quantum circuit for illustrating the violation of the non-contexual
entropic inequality has been depicted in Fig. 1. We have generated the sets of
four level cyclically orthogonal observables as mentioned in Sec. 2. The exper-
iment has been run with 8192 shots for the first set of observables with |ψs1〉
for α=β=2.9306 and for the other set of observables with |ψs2〉 for α=2.9306
and β=-5.7112. The corresponding results are obtained. The circuits are pro-
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Fig. 2 IBM quantum circuits used to measure Entropic noncontextual inequality by mea-
suring seperately H(X2), H(X3), H(X4), H(X1X2), H(X2X3), H(X3X4), H(X4X5) and
H(X5X1) for second set of observables as per the Table 2
vided in the Figures 1 for |ψs〉 and the corresponding entropic calculations are
shown in the Table 3 and 4.
Table 3 The table depicts the entropic calculations on the experimental run (8192 shots)
results for the |ψs1〉 state with the first set of observables as shown in 1
Entropy Measured Value
H(X2) 1.64585197639
H(X3) 1.64895625081
H(X4) 1.59833444323
H(X1X2) 1.66393718437
H(X2X3) 1.27965313199
H(X3X4) 1.28397144279
H(X4X5) 1.63159920673
H(X5X1) 1.28194875079
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Table 4 The table depicts the entropic calculations on the experimental run (8192 shots)
results for the state |ψs2〉 with the second set of observables as shown in 2.
Entropy Measured Value
H(X2) 1.06520690834
H(X3) 0.93645713795
H(X4) 1.13336434612
H(X1X2) 0.96298009177
H(X2X3) 1.09859136316
H(X3X4) 0.93969773354
H(X4X5) 0.96202918695
H(X5X1) 0.95424133222
The entropic noncontextual inequality in this experimental case is cal-
culated and shown in Table 4. However, it is state dependent as it violates
only for some range of states. Similarly the state independent violation can
be shown with nine observables. Here, we can conclude that noncontextual
entropic inequality is succesfully violated.
Table 5 The table illustrates the final result of the entropic noncontextual inequality with
the chosen observables and the chosen states.
Entropic Noncontextual Inequality
M|s1> 0.31094
M|s2> 0.12597
It is observed that the entropic noncontextual inequality for both the run
result is highly violated. This certainly refutes the validity of hidden variable
theory.
4 Conclusion
To conclude, we have demonstrated here the violation of entropic noncontex-
tual inequality with a two qubit quantum system consisting of five observables
which acts as a four level system. We hope, our work can be extended to ex-
plicate the quantum violation of entropic noncontextual inequality for higher
dimensional systems as well. It can be realized for nine observable systems for
state independent violation.
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